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ABSTRACT
We investigate the effects of hadronic cascades on the gamma-ray burst (GRB) prompt
emission spectra in scenarios of efficient neutrino production. By assuming a fiducial
GRB spectrum and a power-law proton distribution extending to ultra-high energies,
we calculate the proton cooling rate and the neutrino emission produced through
photopion processes. For this, we employ a numerical code that follows the formation
of the hadronic cascade by taking into account non-linear feedback effects, such as the
evolution of the target photon field itself due to the contribution of secondary particles.
We show that in cases of efficient proton cooling and subsequently efficient high-energy
neutrino production, the emission from the hadronic cascade distorts and may even
dominate the GRB spectrum. Taking this into account, we constrain the allowable
values of the ratio ηp = Lp/Lγ, where Lp and Lγ are the isotropic equivalent proton
and prompt gamma-ray luminosities. For the highest value of ηp that does not lead
to the dominance of the cascading emission, we then calculate the maximum neutrino
luminosity from a single burst and show that it ranges between (0.01 − 0.6)Lp and
(0.5 − 1.4)Lγ for various parameter sets. We discuss possible implications of other
parameters, such as the magnetic field strength and the shape of the initial gamma-
ray spectrum, on our results. Finally, we compare the upper limit on ηp derived here
with various studies in the field, and we point out the necessity of a self-consistent
treatment of the hadronic emission in order to avoid erroneously high neutrino fluxes
from GRB models.
Key words: neutrinos – radiation mechanisms: non-thermal – gamma ray burst:
general
1 INTRODUCTION
Gamma-ray bursts (GRBs) are candidate sites of pro-
ton acceleration to ultra-high energies (UHE) (Waxman
1995; Vietri 1995) and, therefore, potential sources of
high-energy (HE) neutrino emission (Paczynski & Xu 1994;
Waxman & Bahcall 1997). The problem of GRB neu-
trino production has been considered by many authors
(Murase 2008; Mannheim et al. 2001; Dermer & Atoyan
2003; Guetta et al. 2004; Asano 2005; Rachen & Me´sza´ros
1998; Baerwald et al. 2013; Reynoso 2014) and it may
gain even more interest under the light of the recent Ice-
Cube HE neutrino detection (IceCube Collaboration 2013;
Aartsen et al. 2014).
Another aspect of GRB models for neutrino production
is the formation of hadronic cascades (HC), i.e. cascades
consisting of relativistic electron-positron pairs, initiated
⋆ E-mail: mpetropo@purdue.edu
by photopion interactions of UHE protons with the GRB
prompt radiation which, in this framework, serves as the tar-
get field. The emission produced by such cascades has some
interesting implications as far as the prompt emission is con-
cerned. For example, it has been proposed as an alternative
explanation for the underlying power-law components seen
in some bright bursts (e.g. GRB 090902B (Abdo et al. 2009);
GRB 080319B (Racusin et al. 2008)), which extend from the
hard X-rays up to GeV energies and do not agree with sim-
ple extrapolations of the MeV spectrum (Asano et al. 2010).
More general studies regarding the emission signatures of
hadronic cascades in the GeV and TeV energy bands and
how these can be used as diagnostic tools of UHECR ac-
celeration in GRBs have been made by various authors (e.g.
Bo¨ttcher & Dermer 1998; Asano & Inoue 2007; Asano et al.
2009). One common feature of the aforementioned studies is
that the emission produced by the hadronic cascade does
not dominate over the MeV emission of the burst, which
further implies that the proton cooling and neutrino pro-
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duction through photopion interactions are not very effi-
cient. On the other hand, models that focus on the GRB
neutrino emission require high efficiency while at the same
time they neglect any effects of the hadronic cascade on the
MeV part of the GRB spectrum (e.g. Abbasi et al. 2010;
Zhang & Kumar 2013).
In the present work we try to bridge the gap between
the two approaches by demonstrating, in the most general
way possible, the gradual dominance of the cascading emis-
sion over the MeV (and/or GeV) part of the spectrum as the
efficiency in neutrino production progressively increases. For
this, we simulate the GRB prompt emission spectrum as a
grey-body photon field, which can be characterized only by
two parameters, i.e. its effective temperature T and its com-
pactness ℓγ . Using this as a fixed target field, we gradually
increase the injection luminosity of protons, or equivalently,
their compactness, up to that value where the emission from
the HC begins to affect the gamma-ray spectrum. The domi-
nance of the HC sets, therefore, an upper limit on Lp and on
the ratio ηp = Lp/Lγ , where Lp and Lγ are the proton and
prompt gamma-ray (isotropic) luminosities, respectively, as
measured in the observer’s frame. For the maximum value of
this ratio (ηp,max) we then calculate the neutrino production
efficiency (ξν) as well as the efficiency in the injection of sec-
ondary pairs and photons (ξsec) into the HC. We show that
the upper limit of ηp is anticorrelated with the ℓγ , ξν and
ξsec. As a next step, we investigate the robustness of our find-
ings by repeating the procedure for a higher magnetic field
strength and a gamma-ray spectrum that can be described
by the more accurate for GRBs Band function (Band et al.
2009). We comment also on the role of the Bethe-Heitler
process in the formation of the HC. Finally, we calculate ℓγ
for different parameter sets used in the literature and com-
pare the values of ‘proton loading’ used therein, i.e. the ratio
of proton to gamma-ray luminosities (or energy densities),
with our upper limit ηp,max.
The present work is structured as follows: in §2 we de-
scribe our methods and we then present the numerical code
used for our simulations in §3. We continue in §4 with the
presentation of our results and discuss the effects of other
parameters, such as the spectral shape of the initial gamma-
ray emission. In §5 we compare our upper limit imposed on
the ‘proton loading’ with that used in various cases in the
literature. We conclude in §6 with a summary and a discus-
sion of our results.
2 METHODS
In the present study we do not attempt a self-consistent cal-
culation of the GRB prompt emission nor we pinpoint the
GRB emission itself. Instead, we focus on the formation of
the hadronic cascade and the self-consistent calculation of
the neutrino emission after taking into account the modifi-
cation of the initial gamma-ray spectrum. We choose, first,
to depict the prompt emission spectrum as a grey-body pho-
ton field instead of using the typical Band function for two
reasons: the effects of the cascade emission on the primary
photon field become more evident and only two parameters,
namely the photon compactness ℓγ and the effective tem-
perature T , are required for its description. The effects of
a Band-shape photon spectrum on our results will be dis-
cussed separately in §4.4.2.
We assume that at a distance r from the central engine
protons are accelerated into a power-law distribution with
index p to ultra-high energies (UHE), e.g. Ep < 10
18 eV
in the comoving frame, and are subsequently injected at a
constant rate into a spherical region1 of size rb that moves
outwards from the central engine with Lorentz factor Γ. This
region is equivalent to the shell of shocked ejecta in the in-
ternal shock scenario, and has a comoving width rb ≃ r/Γ
(for reviews, see Piran 2004; Zhang & Me´sza´ros 2004).
We further assume that the region contains a magnetic
field of strength B (in the comoving frame), which is usually
related to the jet kinetic luminosity Lj through the param-
eter ǫB as follows:
ǫBLj = cB
2Γ2r2. (1)
Protons with gyroradii larger than the size rb cannot be
confined, and thus escape from the region (Hillas 1984). This
sets a maximum Lorentz factor that is given by
γH =
eBrb
mpc2
. (2)
In principle, the maximum proton energy is given by the
minimum of γH and γsat, where the latter denotes the satura-
tion energy of the acceleration process due to energy losses.
For the parameters used throughout the text, we find that
γH . γsat (see Appendix B). For this, we set γmax = γH.
The total proton injection luminosity Lp, which is just a
fraction of Lj, can be used for defining the proton injection
compactness as:
ℓinjp =
σTLp
4πrbΓ4mpc3
. (3)
Although electron acceleration at high energies is also ex-
pected to take place, here, in our attempt to minimize the
number of free parameters, we assume that the injection lu-
minosity of primary relativistic electrons is much lower than
that of protons, making their contribution to the overall pho-
ton emission negligible.
The following parameters were kept fixed in all our
numerical simulations, unless stated otherwise: Γ = 225,
rb = 10
12 cm, B = 960 G, γmax = 10
8.6 and T = 107 K.
From this point on, we will refer to this parameter set as the
benchmark case. For these values, the typical pulse duration
in the internal shock scenario would be δt ≈ rb/cΓ = 0.15 s,
while ǫB ≃ 2 × 10
−3 for Lj = 3 × 10
52 erg/s.2 For a given
pair of rb and Γ, different values of ℓγ correspond to dif-
ferent γ-ray (isotropic) luminosities (Lγ), since the photon
compactness is defined as
ℓγ =
σTLγ
4πrbΓ4mec3
(4)
In particular, we chose the following set of ℓγ val-
ues, namely {0.07, 0.22, 0.7, 2.2, 7.0}, which corresponds to
prompt gamma-ray luminosities in the range Lγ = 10
50 −
1052 erg/s with a logarithmic step of 0.5. Then, for each
1 The assumption of a spherical region is valid as long as the
beaming angle 1/Γ is smaller than the opening angle of the jet,
which holds during the GRB prompt phase.
2 The choice of a low ǫB value will be justified later on.
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value of ℓγ , we performed a series of numerical simulations
where we increased ℓinjp over its previous value by a fixed
logarithmic step δx.
The method outlined above highlights the main differ-
ence between our approach and the one usually adopted in
the literature (e.g. Asano & Inoue 2007; Asano et al. 2009).
Here, we use as free parameters the gamma-ray and proton
injection compactnesses instead of Γ, r, δt, Lγ and Lp, since
only the former are the intrinsic quantities of the physical
system. Note that very different combinations of Γ, r, δt, Lγ
may lead to the same ℓγ and to similar derived properties of
the leptohadronic system, such as the neutrino production
efficiency.
3 NUMERICAL CODE
In order to study the formation of the hadronic cascade
and its effects on the multiwavelength photon spectrum, we
employ the time-dependent numerical code as presented in
Dimitrakoudis et al. (2012) – hereafter DMPR12. This fol-
lows the evolution of protons, neutrons, secondary pairs,
photons and neutrinos by solving the coupled integro-
differential equations that describe the various distribu-
tions. The coupling of energy losses and injection intro-
duces a self-consistency in this approach that allows the
study of the system at various conditions, e.g. in the pres-
ence of non-linear electromagnetic (EM) cascades (see also
Petropoulou & Mastichiadis 2012 for a relevant discussion).
Although details can be found in DMPR12, for the sake of
completeness, we summarize in Table 1 the physical pro-
cesses that are included in the code.
Photohadronic interactions are modelled using the
results of Monte Carlo simulations. In particular, for
Bethe-Heitler pair production the Monte Carlo results
by Protheroe & Johnson (1996) were used (see also
Mastichiadis et al. 2005). Photopion interactions were in-
corporated in the time-dependent code by using the results
of the Monte Carlo event generator SOPHIA (Mu¨cke et al.
2000), which takes into account channels of multipion pro-
duction for interactions much above the threshold.
Synchrotron radiation of muons was not included in the
version of the code presented in DMPR12 and for the exact
treatment we refer the reader to Dimitrakoudis et al. (2014).
As synchrotron cooling of pions is not yet included in the
numerical code, we restricted our analysis to cases where the
effects of pion cooling are minimal.
Pairs that cool down to Lorentz factors γ ∼ 1 con-
tribute to the Thomson depth and they are treated as a sep-
arate population with kTe ≪ mec
2 (Lightman & Zdziarski
1987). For the pair annihilation and photon downscatter-
ing processes we followed Coppi & Blandford (1990) and
Lightman & Zdziarski (1987), respectively (for more details
see Mastichiadis & Kirk 1995). For completeness, we note
that the limits on ηp derived in §4 would have been even
more strict if photon downscattering was not taken into ac-
count, or cooling of pairs down to non-relativistic tempera-
tures was not possible.
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Figure 1. Photopion cooling rate (in units of c/rb) of protons
with γp = 106 > Eth/1.4kT ≃ 10
5, where Eth ≃ 0.15 GeV,
as a function of the proton injection compactness ℓinjp for three
values of the gamma-ray compactness marked on the plot. For
comparison reasons, the cooling rate given by eq. (5) is plotted
with grey lines.
4 RESULTS
4.1 Proton energy loss rate
First, we show that for high enough proton injection com-
pactnesses, photons produced through the hadronic cascade
contribute to the target photon field for photopion interac-
tions and therefore enhance the respective proton energy loss
rate. For this, we compare the analytic expression for the en-
ergy loss rate on a grey-body photon field of certain ℓγ and
T with the one derived numerically after taking into account
the modification of the photon spectrum because of the cas-
cade. It can be shown (for more details, see Appendix A)
that the fractional energy loss rate of protons with Lorentz
factor γp > γth = Eth/1.4kT , where Eth ≃ 0.15 GeV, is
t−1pγ ≃ 5× 10
−5 ℓγ
Θ
t−1d , (5)
where Θ = kT/mec
2 and td = rb/c. As expected (see e.g.
WB97, Aharonian 2000), the above expression does not de-
pend on the proton injection compactness. The character-
istic loss rate3, as derived by the simulations, where the
feedback on the target field is taken into account in a self-
consisent way, is plotted against ℓinjp in Fig. 1 for three values
of ℓγ marked on the plot. In all cases, the energy loss rate
is constant and in agreement with the analytic expression
(5), shown with grey lines in Fig. 1, only up to a certain
value of ℓinjp . Its subsequent rapid increase is a sign of the
modification of the initial photon spectrum because of the
hadronic cascade. Hence, the analytic estimates of the frac-
tion of energy lost by proton to pions can be considered only
as a lower limit.
3 The loss rate is calculated by 〈t−1pγ 〉 =∫
dγpγpnp(γp)P˙pγ/
∫
dγpγpnp(γp), where np is the steady-
state proton distribution.
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Table 1. Physical processes that act as injection (source) and loss terms in the kinetic equations of each species.
protons neutrons pions muons relativistic pairs photons neutrinos
Injection
external pγ pγ pγ pγ neutral pion decay pγ
pγa BHb pair production proton synchrotron β- decay
β-decay γγ pair production electron synchrotron
muon synchrotron
inverse Compton
Loss
pγ pγ decay decay synchrotron γγ pair production escape
BH β-decay synchrotron inverse Compton synchrotron self-absorption
synchrotron escape annihilation Compton downscattering
escape escape escape
a photopion process
b Bethe-Heitler process
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Figure 2. Observed photon and neutrino spectra obtained for
ℓγ = 0.7 and values of the proton injection compactness starting
from ℓp = 10−3.4 (bottom curve) up to ℓp = 10−1.4 (upper curve)
with logarithmic increaments of 0.4. The last spectra before the
dominance of the hadronic cascade are shown with thick lines.
4.2 Photon and neutrino emission
The modification of the photon spectrum due to the emis-
sion from the secondaries produced in the hadronic cascade
is demonstrated in Figs. 2 and 3, where we plot the mul-
tiwavelength photon spectra (black lines) in the observer’s
frame for two indicative values of the gamma-ray compact-
ness, namely ℓγ = 0.7 and 7. For our choice of Γ and rb
(see §2) these correspond to observed gamma-ray luminosi-
ties Lγ = 10
51 and 1052 erg/s, respectively. The neutrino
(νe + νµ) spectra (grey lines) are also plotted, for compar-
ison reasons. In both figures, each spectrum is obtained by
increasing ℓinjp (or equivalently Lp) over its previous value
with a logarithmic step δx – for the exact values see labels
of the respective figures.
Above a certain value of ℓinjp , which depends on the value
of ℓγ , the emission from the hadronic cascade begins to ei-
ther ‘cover’ the prompt emission spectrum (see top spectra
in Figs. 2 and 3) or peak in the sub-GeV energy band with
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Figure 3. Observed photon and neutrino spectra obtained for
ℓγ = 7 and values of the proton injection compactness starting
from ℓp = 10−2.6 (bottom curve) up to ℓp = 10−0.6 (upper curve)
with logarithmic increaments of 0.4. Thick lines have the same
meaning as in Fig. 1.
a luminosity approximately equal to that of the MeV emis-
sion (see second spectrum from the top in Fig. 2). The lat-
ter is ruled out by the current status in observations (e.g.
Dermer 2010). For illustration reasons, the spectra obtained
just before the dominance of the HC are shown with thick
lines in Figs. 2 and 3. From this point on, we will charac-
terize cases that modify the initial MeV emission or have
L(0.1−1)GeV & 0.2− 0.3 L(0.1−1)MeV commonly as ‘HC dom-
inant’ cases. We note that if a stricter upper limit on the
GeV luminosity was used this would also be reflected at the
upper limit imposed on the proton to gamma-ray luminosity
ratio discussed in the following section.
For a fixed ℓγ , higher secondary emission and neutrino
luminosities can be obtained by increasing the proton injec-
tion compactness. This is demonstrated in Fig. 4, where we
plot the observed luminosities of protons, muon and electron
neutrinos, photons and (0.1-1) MeV gamma-ray photons, for
the case shown in Fig. 2. For low enough values of Lp the
bolometric photon luminosity is actual equal to the lumi-
c© 2014 RAS, MNRAS 000, 1–??
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Figure 4. Log-log plot of the total neutrino luminosity (solid
line), the bolometric photon luminosity (dashed line) and the (0.1-
1) MeV gamma-ray luminosity (dotted line) as a function of the
proton injection luminosity Lp for ℓγ = 0.7. The grey colored
area is obtained for Lp values that lead to the dominance of the
HC emission.
nosity emitted in 0.1-1 Mev energy band. However, for Lp
above a certain value, which for the particular example is
≃ 1.5× 1052 erg/s, we obtain Ltotγ > L(0.1−1)MeV . This indi-
cates that the photon component of the hadronic cascade is
no longer negligible. Moreover, we find that Lν ∝ L
q
p, where
q = 1 for low enough Lp but q = 1.6 for higher proton lu-
minosities. This steeper than linear scaling relation between
Lν and Lp is one more indication of the spectral modifica-
tion due to the HC. Interestingly enough, the ratio of the
neutrino to the bolometric photon luminosity becomes max-
imum only for proton luminosities leading to HC dominant
cases (grey colored area in Fig. 4). Still, for the last case
before the dominance of the HC, we find that the photon
and neutrino components are energetically equivalent with
Lν ≃ 0.3L
tot
γ (see also Table 2).
4.3 Maximum proton to gamma-ray luminosity
ratio
For each value of ℓγ we can derive a maximum value of
the proton compactness above which the hadronic cascade
significantly alters the GRB photon spectrum, as previously
described. This can also be translated to a maximum value
of the ratio ηp = Lp/Lγ , which in terms of compactnesses
is written as ηp = ℓ
inj
p (mp/me)/ℓγ
4. For these maximum
values, we then derive (i) the ratio ην = Lν/Lγ , (ii) the ratio
ζν = Lν/L
tot
γ , (iii) the production efficiency in neutrinos
(ξν), and (iv) the production efficiency in secondaries that
contribute to the HC (ξsec), where the efficiencies are defined
as ξν,sec = Lν,sec/Lp = ℓν,sec(me/mp)/ℓ
inj
p . Our results are
summarized in Table 2 and a few things worth mentioning
follow:
4 An alternative definition for ηp would be ηp = Lp/Ltotγ , where
the superscript ‘tot’ denotes the bolometric photon luminosity.
In the present work, however, we adopt the definition with the
gamma-ray luminosity, as this appears mostly in the literature.
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Figure 5. Log-log plot of ηp,max as a function of ℓγ . The actual
results of our simulations are shown with points while the lines are
the result of interpolation. Results shown with filled circles/solid
line are obtained for ηp,max while open circles/dashed line cor-
respond to ηp = ηp,max10δx. The grey colored area denotes the
uncertainty of the derived ηp,max.
• the maximum value of ηp decreases as the photon com-
pactness becomes larger. This is exemplified in Fig. 5. An
extrapolation of our results to even larger values of ℓγ (see
e.g. Murase 2008; Zhang & Kumar 2013) would imply that
Lp ≈ (1 − 10)Lγ – see also §5 for a comparison with other
works.
• there is an anticorrelation between the maximum al-
lowable value of ηp and ξν (ζν) that reflects the fact that
the upper limit imposed on ℓinjp by the HC, becomes more
stringent as ℓγ increases.
• the maximum ratio ζν increases as the gamma-ray com-
pactness becomes larger and may as high as 60% for ℓγ & 7.
• we find that ηp,max ∝ 1/ξsec,max, which can be under-
stood as follows the photon compactness from the cascade is
defined as ℓsec = ξsecℓ
inj
p (mp/me) while ℓ
inj
p = ηpℓγ(me/mp).
Roughly speaking, the secondary photon emission will start
affecting the overall photon spectrum, if ℓsec ≈ αℓγ where
α is a numerical factor that contains all the details about
the hadronic cascade and depends on a series of parame-
ters, such as the magnetic field strength and the spectral
shape of the secondary emission itself. Our results show,
however, that α varies less than a factor of 2 among the five
parameter sets presented in Table 2, and we can, therefore,
consider it a constant. By combining the above we find that
ηp,max ≈ α/ξsec,max ∝ 1/ξsec,max.
4.4 Effects of other parameters
In the previous section we demonstrated the effects of the
HC on the photon and neutrino spectra but more impor-
tantly we showed that the HC imposes an upper limit on the
ratio Lp/Lγ . Here, in an attempt to test the robustness of
these results, we discuss in detail the effects of the magnetic
field strength, of the initial spectral shape in gamma-rays,
and of a larger value of Γ.
c© 2014 RAS, MNRAS 000, 1–??
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Table 2. Maximum values of various ratios-efficiencies derived for five values of the gamma-ray compactness.
ℓγ ℓtotγ log ℓ
inj
p,max ηp,max ην,max ζν,max ξsec,max (%) ξν,max (%)
0.07 0.2 −2.6 66 0.9 0.3 2.8 1.4
0.22 0.9 −2.4 35 1.4 0.35 7 4
0.7 1.5 −2.2 16.5 0.6 0.28 6.7 3.6
2.2 6.1 −1.8 14 1.4 0.5 15 10
7.0 15.7 −1.4 10.4 1.4 0.6 17.5 13
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Figure 6. Comparison of photon and neutrino spectra for ℓγ =
0.7 and two values of the magnetic field strength, i.e. B = 960 G
and B = 1.5 × 104 G, shown with solid and dashed lines, re-
spectively. The proton injection compactness ranges from 10−3.4
(bottom) to 10−2.2 (top). Thick lines have the same meaning as
in Fig. 1.
4.4.1 Magnetic field strength
In general, stronger magnetic fields enhance the cascade
emission in two ways:
• through synchrotron radiation of secondary pairs,
which leaves an imprint mainly at energies below 1 MeV
in the comoving frame because of the strong photon atten-
uation that affects higher energy photons.
• through synchrotron cooling of muons and pions, which
starts playing a role for high enough magnetic fields. This
introduces more photons into the system, since part of the
energy that would have been transfered to the neutrino com-
ponent goes now into the photon component.
The effects of the magnetic field on the photon and neutrino
emission are exemplified in Fig. 6. For the same proton in-
jection compactness, we find that the flux of the HC emis-
sion increases, while the neutrino spectra become harder.
The change of the neutrino spectral shape is non-trivial (see
also Asano & Meszaros 2014) and it requires a self-consisent
treatment, as it strongly depends on the shape of the tar-
get photon field. Finally, we find that the value of ηp,max
is not significantly affected by the choice of the magnetic
field, while the values of ξsec and ξν increase at most by a
factor of two – see Table 3. Although synchrotron cooling
of pions is not relevant for the benchmark case, it starts
playing a role for the higher magnetic field strength con-
sidered here. In particular, we find that Eπ,c ≃ Eπ,max/10,
where Eπ,max ≃ 0.2γmaxmpc
2 = 8× 1016 eV and Eπ,c is the
typical energy of a pion that cools due to synchrotron ra-
diation before it decays. Since the numerical code does not
account for the synchrotron losses of pions (see also §3), the
results presented in this section should be considered as an
upper limit. Inclusion of pion cooling would have a twofold
effect on our results: first, the peak of the neutrino spectra
would move towards smaller energies by approximately an
order of magnitude and second, the resulting deficit in the
neutrino luminosity would be balanced accordingly by an
increase of the bolometric photon luminosity. For the top
spectrum in Fig. 6 in particular, we estimated the decrease
in the neutrino luminosity after inclusion of pion cooling
to be ∆Lν ≃ 0.4 × 10
51 erg/s. This would be translated
to a slight increase of the the bolometric luminosity, i.e.
Ltotγ ∼ 4.4× 10
51 erg/s instead of 4× 1051 erg/s that is the
value we obtain when we neglect pion synchrotron losses.
Thus, the limits derived for ηp are robust, while the values
of ζν,max and ην,max listed in Table 3 should be lower by a
factor of a few.
It has been already pointed out by various authors (e.g.
WB97, Asano 2005), that the photopion processes is the
dominant energy loss mechanism of high-energy protons in
sources with large photon compactnesses. This is also illus-
trated in Fig. 7, where we plot the ratio pi of the proton en-
ergy loss rate due to a process i (synchrotron, Bethe-Heitler
and photopion) to the total energy loss rate. The photopion
process dominates indeed, over all other processes for the
whole range of ηp values. This is also the case for the other
values of ℓγ .
The contribution of the Bethe-Heitler process to the
hadronic cascade, however, is not always negligible. The
main reason for this is that only a part of the energy lost
by the protons through photopion interactions contributes
to the hadronic cascade itself; the rest goes to the neutrino
and high-energy neutron components. This is exemplified in
Fig. 8, where we plot qBH and qπ as a function of ηp for
ℓγ = 0.7 and two values of the magnetic field marked on the
plot. Here, qBH and qπ are the energy injection rates defined
as qBH = E˙BH/E˙tot and qπ = (E˙
π±→e±
pγ + E˙
π0→γγ
pγ )/E˙tot,
where E˙k denotes the energy injection rate of the process
k into secondary pairs and/or photons. The dependance of
the ratios qBH and qpγ on ηp is non-trivial and it is mainly
determined by the characteristics of the target photon field,
e.g. spectral shape and compactness, which highlights once
again the role of the HC. From a quantitative point of view,
we find that for indermediate values of ηp the contribution
of the Bethe-Heitler process to the HC may exceed 50% and
30% for the high and low magnetic field values, respectively.
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Figure 7. Plot of the contribution of synchrotron (solid lines),
photopion (dotted lines) and Bethe-Heitler (dashed lines) energy
loss rates to the total energy loss rate of protons as a function
of the ratio ηp for ℓγ = 0.7 and two values of the magnetic field
strength: B = 960 G (black lines) and B = 1.5 × 104 G (grey
lines). Here, log ηp > 0.8 corresponds to HC dominant cases.
Thick lines have the same meaning as in Fig. 1.
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Figure 8. Rate of the energy injection into the hadronic cascade
(pairs and photons) by the Bethe-Heitler (qBH) and the photopion
(qπ) processes as a function of the ratio ηp, for ℓγ = 0.7 and two
values of the magnetic field strength: B = 960 G (black lines) and
B = 1.5 × 104 G (grey lines). Here, log ηp > 0.8 corresponds to
HC dominant cases.
4.4.2 Shape of GRB spectrum
As stated in §2, we adopted a fiducial photon spectrum to
describe the GRB prompt emission. We chose, in particu-
lar, a grey-body photon field that can be described only by
two parameters and can give us insight on the effects of the
hadronic cascade mainly because of its narrow spectral en-
ergy distribution. In this section we investigate the implica-
tions of the above choice on the results presented so far, such
as the maximum ratio of proton to gamma-ray luminosity.
The gamma-ray spectrum of the prompt emission can
Table 3. Same as in Table 2 but for B = 1.5× 104 G.
ℓγ ηp,max ην,max ζν,max ξsec,max (%) ξν,max (%)
0.07 66 1 0.5 7 3
0.7 16.5 1 0.32 14 6
7 10.4 1.2 0.35 30 14
be successfully modelled, at least in most cases5, by the
so-called ‘Band function’ (Band et al. 1993, 2009). For the
purposes of the present work, it is sufficient to assume a
‘Band-like’ photon spectrum and repeat the proceedure of
§4.3, without getting into the details of the emission mech-
anism itself. We model the gamma-ray photon spectrum
as nγ ∝ x
−α, for xmin < x < xbr and nγ ∝ x
−β, for
xbr < x < xmax, where α = 1.2, β = 2.2, xmin = 3 × 10
−6,
xbr = 3 × 10
−3, xmax = 0.3 and x is the photon energy
as measured in the comoving frame, in units of mec
2. The
gamma-ray photon compactness can be also written as
ℓγ =
σTrbuγ
mec2
, (6)
where
uγ =
Lγ
4πcr2bΓ
4
(7)
is the energy density of the photon field in the comoving
frame.
A comparison of the multiwavelength photon spectra
and neutrino spectra obtained for ℓγ = 0.7 and two dif-
ferent initial gamma-ray photon fields is shown in Fig. 9.
In the case of a Band-like initial photon field, we find that
ηp,max = 10.4, i.e. smaller by a factor of 1.6 than the one
derived in the case of a grey-body photon spectrum. This
small decrease is found also for other values of the initial
photon compactness (see Table 4), and it can be under-
stood as follows: in the case of a Band-like photon field,
the same gamma-ray luminosity or compactness as before is
now distributed over a wider energy range. This increases,
therefore, the possible combinations of proton and photon
energies with γpx that lies above the threshold for Bethe-
Heitler pair production and/or pion production, and slightly
enhances the emission from the secondaries. Thus, for the
same magnetic field strength, the marginal curve ηp,max (ℓγ)
derived for a grey-body photon spectrum (see Fig. 5) should
be shifted towards smaller values by a factor of ∼ 1.6.
Furthermore, the values listed in Table 4 imply the fol-
lowing rough scaling relations,
• Lp ∼ 25Lγ , Lν ∼ 0.5Lγ and Lν ∼ 0.2L
tot
γ , for ℓγ ≪ 1
• Lp ∼ Lγ , Lν ∼ 0.8Lγ and Lν ∼ 0.3L
tot
γ , for ℓγ ≫ 1,
which are robust within a factor of 2 – see previous section
for the effects of the magnetic field strength. The values
ℓγ = 30 and 70 correspond to observed gamma-ray lumi-
nosities 4 × 1052 erg/s and 1053 erg/s, respectively. Thus,
5 GRB spectra that cannot be adequately fitted by the Band
model, either show evidence of some black-body component (e.g.
Axelsson et al. 2012) or require an additional power-law compo-
nent (e.g. Guiriec et al. 2010).
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Figure 9. Comparison of photon and neutrino spectra for ℓγ =
0.7 and two different prompt gamma-ray spectra, i.e. a grey-body
photon field (GB) and a Band function spectrum (BF) shown with
solid and dashed lines, respectively. The proton injection com-
pactness ranges between 10−3 (bottom curve) and 10−1.8 (top
curve) with logarithmic increaments of 0.4.
Table 4. Same as in Table 2 but for a ‘Band-like’ gamma-ray
spectrum and two additional values of ℓγ .
ℓγ ηp,max ην,max ζν,max ξsec,max (%) ξν,max (%)
0.07 41.6 0.5 0.2 1.3 0.7
0.7 10.4 0.5 0.2 6 3
7 6.6 0.8 0.5 17 13
15 3 0.5 0.4 21 17
30 2 0.8 0.3 26 20
70 1.6 1.0 0.3 53 60
the derived values for the various efficiencies are representa-
tive for typical and bright GRBs (e.g. Wanderman & Piran
2010). Even if ηp,max ∼ 1 − 2 for the brightest GRBs, we
still find Lν/Lγ & 1 and thus, these can be still considered
significant neutrino emitters.
Besides the marginal effects on the ratios ηp and ζν , we
find that the neutrino spectra become harder (see grey lines
in Fig. 9). This, however, should not be considered as a gen-
eral result, since simulations with Band-like photon spectra
and higher ℓγ resulted in flat (in νFν units) neutrino spectra,
i.e. similar to those in Fig. 3. Our results indicate that for in-
dermediate photon compactnesses, e.g. ℓγ ∼ 1, the shape of
the neutrino spectra is sensitive to various parameters, such
as the magnetic field strength (see Fig. 6) and the shape of
the initial gamma-ray spectrum, and may deviate from the
expected power-law form ǫ−2ν . This requires further investi-
gation which, however, is outside the scope of the present
work.
4.4.3 Lorentz factor
For the benchmark case we chose a moderate value of the
Lorentz factor (see §2). Since there is no reason for exclud-
ing values > 300 a priori, here we examine the implications
of a larger Γ on our results. The choice of a larger value of Γ
has a twofold effect: the peak energy of the GRB spectrum
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Figure 10. Photon (black lines) and neutrino (grey lines) spectra
for Γ = 225 and Γ = 708 shown with solid and dashed lines,
respectively. Other parameters used are: rb = 10
12 cm, B =
960 G, Lγ = 1052 erg/s, Lp = 6.6Lγ and γmax = 4× 108.
as measured in the comoving frame decreases and the pho-
ton compactness drops significantly, since ℓγ ∝ r
−1
b Γ
−4. We
showed that the maximum baryon loading given by ηp,max
increases as the emission region becomes less compact in
gamma-rays (see Fig. 5), whereas the efficiency in the pro-
duction of secondaries, such as pairs and neutrinos, drops
(see e.g. Table 4).
As an indicative example, we choose the case with
ℓγ = 7 and a three times larger Γ than before, i.e. Γ = 708.
The photon compactness now becomes 0.07 and the peak
energy of the Band spectrum decreases by a factor of three,
i.e. xbr = 10
−3. Following the same steps as in §4.2, we
find ηp,max = 42. The various efficiencies are ην,max = 0.5,
ζν,max = 0.2, ξsec,max = 0.02, ξν,max = 0.02 and should be
compared with the values listed in Table 4 for ℓγ = 7.
To illustrate better the above, we compare the photon
and neutrino spectra between two cases for Γ = 225 and
708. The rest of the parameters, which are kept fixed, are:
rb = 10
12 cm, B = 960 G, Lγ = 10
52 erg/s, Lp = 6.6Lγ and
γmax = 4×10
8. The photon and neutrino spectra are shown
in Fig. 10. Note that the distortion of the gamma-ray spec-
trum becomes evident only for the first case (black lines),
since ηp = ηp,max = 6.6 (see Table 4). The main reason for
the differences seen in the photon spectra above ∼ 100 MeV
and in the neutrino emission is the photon compactness,
which is decisive for both the intrinsic optical depth for γγ
absorption and the efficiency of photopion production (see
also Asano et al. 2009). Finally, the lower peak photon en-
ergy in the comoving frame proves to be not as important
as the lower value of ℓγ .
5 COMPARISON WITH OTHER WORKS
In this section we attempt a comparison of our results re-
garding the maximum value of ηp imposed by the hadronic
cascade with other works in the literature. Our results are
summarized in Fig. 11, where the solid line denotes the max-
imum value ηp,max as a function of the gamma-ray compact-
ness, which divides the ηp − ℓγ into two regions. Above the
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focus on the diffuse GRB neutrino emission (grey symbols) and
on the HC emission (black symbols). The emission from the HC
distorts the GRB spectrum for parameter values drawn from the
grey-colored region.
curve (grey colored region) the effects of the HC on the ini-
tial gamma-ray spectrum become prominent, whereas the
combination of ηp and ℓγ values drawn from the region be-
low the curve does not lead to strong secondary emission.
The steps for deriving ηp,max for different values of ℓγ
are the same as those described in §4.3. Here, we assume
a Band function spectrum with fixed photon indices α, β
and characteristic energies xmin, xbr and xmax as described
in §4.4, since this is a common assumption in most studies6.
The magnetic field is taken to be B = 960 G. We note also
that the limiting curve in Fig. 11 may be shifted for different
values of the spectral indices or/and of the break energy (see
also §4.4), but no more than by a factor of 2-3. Thus, the
upper limit shown in Fig. 11 can be considered robust within
this factor.
The points shown in Fig. 11 correspond to different pa-
rameter sets studied in the literature. In particular, grey
colored symbols correspond to studies of the neutrino flux
from GRBs, whereas black colored symbols denote works
that focus on the induced hadronic cascades. A comparison
between our upper limit and other works is possible by, first,
noting that the parameter ηp = Lp/Lγ used here is equiv-
alent to: (i) the parameter f−1
γ/p
in Zhang & Kumar (2013),
(ii) the ratio ǫp/ǫe in Asano et al. (2009), (iii) the ratio of
total energies in protons and gamma-rays in Guetta et al.
(2004), and (iv) the parameter fp in Asano & Meszaros
(2014). For the derivation of ℓγ (see eq. (6)) we com-
bined various parameters given in the aforementioned works,
namely Γ, r, δt, and Lγ with eq. (7). We note that r =
fvcΓ
2δt, where fv is a numerical factor that ranges be-
tween 1-2 among the various studies. For the compilation
of Fig. 11, we used the value of fv as given in each work.
Let us focus first on the black colored symbols. Most
6 The gamma-ray spectrum in Asano et al. (2009) is the result
of synchrotron radiation of relativistic electrons, which, however,
may be described by a Band function.
of the points that lie above our upper limit correspond to
cases with significant modifications of the gamma-ray spec-
trum because of the HC in agreement with the respective
studies. For example, the first two curves from top of Fig. 3
in Asano et al. (2009) are indicative cases of proton-cascade
dominated spectra. Using the same values as in Asano et al.
(2009), we find that the gamma-ray compactness is ℓγ = 0.3
and 72 for Γ = 300 and 100, respectively. These are shown
as black stars in Fig. 11. Given that the depicted values are
obtained for a wide range of physical parameters, such as Γ,
Lγ and rb, the plane ηp − ℓγ proves to be a robust tool for
distinguishing between cases with dominant hadronic cas-
cade or not. For the former, the neutrino and secondary
production efficiencies may exceed the maximum values de-
rived in previous sections (see also Fig. 4). GeV bright GRBs
detected by Fermi-LAT are a good example of bursts that
deviate from the ‘typical’ ones (e.g. Racusin et al. 2008;
Abdo et al. 2009). Assuming that their high-energy emission
is a result of the hadronic initiated cascade (e.g. Asano et al.
2010), these bursts might fall into the grey-colored region of
Fig. 11 depending on the relative ratio of the GeV/MeV
fluxes: bright bursts with comparable fluxes in the two en-
ergy bands would be also a good candidate source of bright
neutrino emission.
The grey colored symbols lie, in general, at the right
part of the ηp − ℓγ plane, since high gamma-ray compact-
nesses are required for efficient neutrino production. Inter-
estingly, most of these points lie below but close (within a
factor of two) to our limiting curve. For example, if a similar
analysis to the one by Guetta et al. (2004) was performed,
but for a higher ratio of proton to gamma-ray luminosities,
e.g. ηp > 3, the distortion of the pre-assumed GRB spectrum
could not be avoided. Thus, in the regime of large gamma-
ray compactnesses the calculation of the neutrino emission
necessitates the treatment of the secondary photon emission
as well.
Note that the above discussion does not necessarily refer
to bright GRBs. Because of the strong dependance of the
gamma-ray compactness to the Lorentz factor, namely ℓγ ∝
Lγ/Γ
5δt, a typical burst with Lγ = 3 × 10
52 erg/s may
have ten times larger ℓγ than a bright GRB with Lγ =
1054 erg/s, if its bulk Lorentz factor is by a factor of three
smaller. It is noteworthy that the same conclusion is reached
using different argumentation by Asano & Meszaros (2014).
Although Lγ is relatively constrained and it lies in the range
1051− 1053 erg/s, there is freedom in the choice of Γ and δt,
which makes impossible the definition of an observationally
typical ℓγ . Thus, studying the effects of the hadronic cascade
using as a free parameter the gamma-ray compactness covers
a wide range of GRBs and may facilitate future parameter
studies of GRB neutrino emission.
6 SUMMARY AND DISCUSSION
We investigated the effects of hadronic cascades on the
gamma-ray burst (GRB) prompt emission spectra in scenar-
ios of efficient neutrino production. For this, we employed
a generic method where we approximated the prompt GRB
emission by either a grey-body or a Band-function spectrum,
while we used as free parameters the proton injection and the
prompt gamma-ray compactnesses. Using a numerical code
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that follows the evolution of the proton, photon, neutrino
and pair distributions both in energy and time, we calcu-
lated the steady-state photon and neutrino emission spectra
taking into account in a self-consisent way the formation
of the hadronic cascade. We showed that for each value of
the gamma-ray compactness one can set an upper limit to
the ratio of the proton to gamma-ray luminosity by using
the fact that the emission from the hadronic cascade cannot
always be neglected. On the contrary, it is an important in-
gredient of GRB hadronic models and it may significantly
affect the overall photon and neutrino emission.
The recent PeV neutrino detection by the IceCube
Collaboration (IceCube Collaboration 2013) is beginning to
place stonger constraints on the parameter values used in
various GRB models (Zhang & Kumar 2013). Using a de-
tailed example (see Fig. 4) we pointed out that param-
eter sets that lead to high neutrino luminosities (ην =
Lν/Lγ ≫ 1) also result in modified gamma-ray photon spec-
tra due to the emission from the hadronic cascade. On the
other hand, we showed that the ratio ην,max, which is de-
rived for parameter values just before the dominance of the
hadronic cascade, lies in the range 0.5 − 1.4. Higher val-
ues are obtained for stronger magnetic fields (see Table 3)
and for harder/softer GRB spectra below/above the peak,
i.e. for spectra more similar to a grey-body photon emis-
sion (see Tables 2 and 4). Using this upper limit on the
ratio Lν/Lγ from a single burst, we can make a rough esti-
mate of the neutrino energy flux as follows. First, we use
η¯ν = 0.8 as an indicative value. Then, for a burst with
Lγ = 10
52 erg/s we adopt Eγ = 4 × 10
52 erg as the typ-
ical energy emitted in gamma-rays (Ghirlanda et al. 2012;
Kakuwa et al. 2012). For the GRB rate at the local universe
we use RGRB ≃ 1 Gpc
−3 yr−1 (Wanderman & Piran 2010).
We find that the energy production rate of gamma-rays per
unit volume is U˙γ ≃ 4× 10
43Eγ,52.6 erg Mpc
−3 yr−1. Then,
the present day all-flavour neutrino energy density is given
by Uν ≈ η¯ν U˙γT , where T ≃ 10
10 yr is the Hubble time.
Finally, the neutrino flux is given by
E2νΦν ≈
c
4π
Uν ≈ 10
−8 η¯ν
0.8
Eγ,52.6 GeVcm
−2s−1sr−1. (8)
The above rough estimate is lower only by a factor of
∼ 3 than the WB upper bound (Waxman & Bahcall 1999)
and the neutrino excess measured in the IceCube sig-
nal (IceCube Collaboration 2013) and, interestingly enough,
this was obtained using an indirect method, i.e. using argu-
ments about the HC dominance on the GRB photon spec-
tra. An implicit assumption for the above derivation is that
typical GRBs are the source of the PeV neutrino emis-
sion observed with IceCube. The non-detection of neutri-
nos from Fermi triggered GRBs, however, starts to chal-
lenge this assumption (e.g. Abbasi et al. 2012; He et al.
2012; Liu & Wang 2013). Even if future observations work
against this scenario, models where low-luminosity GRBs
(∼ 1047 erg/s) are the main contributors to the diffuse PeV
emission cannot be ruled out, as long as the statistics of their
population remains undetermined (see e.g. Cholis & Hooper
2013; Murase & Ioka 2013 for relevant discussion). Since the
analysis presented here is not based on the absolute value
of the GRB luminosity but on parameters that characterize
the intrinsic properties of the emission region, one can re-
peat the above calculation using the appropriate values for
Eγ , RGRB and η¯ν .
Our results also indicate that a higher value for the
neutrino flux is possible if ην,max & 1.3, which further implies
that if the observed neutrino signal has indeed a GRB origin
then typical GRB sources should be strongly magnetized
with B above a few kG (see §4.4.1) and with significant
contribution of the hadronic cascade to the overall emission.
Going one step further, one can argue that diffuse neutrino
emission models that do no follow in detail the formation
of the hadronic cascade may give fluxes erroneously close to
or even above the WB upper bound simply because their
parameters are pushed into the HC dominance regime. An
additional feature of the high-energy neutrino spectrum in
the case of a strong magnetic field would be a cutoff at a a
few PeV because of strong synchrotron cooling of pions and
muons. It can be shown that for B = 105 G, r = 1013 cm
and Γ=300 the spectrum of muons produced via pion decay
has a cutoff at ∼ 10 PeV (e.g. He et al. 2012).
The shape of the neutrino spectra is strongly affected
by the photon spectrum that serves as a target field for
photopion interactions and, hence, for neutrino production.
Although the emitted neutrino spectra are expected to be
flat in νFν units whenever the cooling of a γ
−2
p proton dis-
tribution is efficient and the target spectra are ‘Band-like’,
this is not always the case. Even in the simplest scenario
where the only available target photon field is the Band-like
gamma-ray emission, the neutrino spectral shape also de-
pends on the particular pion production channel, e.g. ∆+
resonance or multipion production channel, that is respon-
sible for the neutrino emission at the specific energy band
(Baerwald et al. 2011). To make things even more compli-
cated, photons produced by neutral pion decay or emitted
by secondary relativistic pairs through synchrotron and in-
verse Compton scattering contribute to the overall multi-
wavelength emission and may serve as targets for photopion
interactions, too. The spectral shape of the hadronic cascade
emission is, therefore, an important factor for the determi-
nation of the final neutrino spectral shape.
Furthermore, our analysis showed that the investigation
of the available parameter space in GRB models may be sig-
nificantly simplified if this is performed using as basic vari-
ables the proton and gamma-ray compactnesses instead of
the typical GRB model parameters, such as the bulk Lorentz
factor and the observed isotropic gamma-ray luminosity. Af-
ter all, it is the compactness of the emitting region in terms
of relativistic protons and photons that mainly determines
the efficiencies of the neutrino and secondary particle pro-
duction.
Finally, we demonstrated through indicative examples
the role of the Bethe-Heitler process in the formation of the
hadronic cascade. This is not always negligible, as its contri-
bution to the injection of secondary pairs into the hadronic
cascade may exceed 30-50% for ℓγ ∼ 0.01−1, while stronger
magnetic fields tend to enhance the role of the Bethe-Heilter
process. However, we find that its contribution is signifi-
cantly suppressed for ℓγ ≫ 10.
We have explored the role of hadronic cascades in GRB
models of efficient neutrino production using a method that
is sufficiently generic to be applicable to different scenar-
ios of prompt GRB emission. Assuming that GRBs are the
sources of the TeV-PeV neutrinos detected by IceCube, then
c© 2014 RAS, MNRAS 000, 1–??
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our results suggest that GRBs can account for the current
neutrino flux level only if there is a substantial contribution
of the hadronic emission to the overall GRB photon spectra.
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APPENDIX A: PROTON ENERGY LOSS RATE
DUE TO PHOTOPION INTERACTIONS WITH
A GREY-BODY PHOTON FIELD
The differential number density of a grey-body photon field
is given by
nγ(x) = n0
x2
ex/Θ − 1
, (9)
where x and Θ are the photon energy and the effective tem-
perature in units of mec
2, while the normalization n0 is re-
lated to the photon compactness ℓγ as
n0 =
15ℓγ
π4Θ4σTrb
, (10)
where rb is the size of the emission region and ℓγ does not
violate the black-body limit. The fractional energy loss rate
of a proton with energy Ep = γpmpc
2 due to photopion
interactions with the above photon field is then given by
(see e.g. WB97):
t−1pγ ≡ −
1
Ep
dEp
dt
|pγ = (11)
=
c
2γ2p
∫
∞
ǫth
dǫ ǫσpγ(ǫ)ξpγ(ǫ)
∫
∞
ǫ/2γp
dxx−2nγ(x), (12)
where ǫ is the photon energy (in mec
2 units) as seen in
the rest frame of the proton, ǫth is the threshold energy
of the interaction in mec
2 units, i.e. ǫth ≃ 300, σpγ and
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ξpγ are the cross section and the inelasticity of the inter-
action, respectively. Here, we approximate the cross sec-
tion by a step function, i.e. σpγ ≈ σ0H(ǫ − ǫth) with
σ0 = 5 × 10
−28 cm−2 ≃ (5/6 × 10−3)σT. Although the in-
elasticity may vary between ∼ 0.1 and 0.5 for interactions
taking place close to and far from the threshold, respectively,
for our purposes it is sufficient to use an average value, e.g.
ξ¯pγ ≈ 0.2.
Using these approximations and after performing the
integration over x, eq. (12) simplifies into
t−1pγ = −
cΘn0σ0ξ¯pγ
2γ2p
∫
∞
ǫth
dǫ ǫ ln
(
1− e−ǫ/2γpΘ
)
. (13)
The function that appears in the above integral, i.e. f(ǫ) =
−ǫ ln
(
1− e−ǫ/2γpΘ
)
, is a steep function of ǫ that shows a
sharp peak at approximately ǫp ≃ 1.4γpΘ. Hence, its in-
tegral I can be approximated by Iappr ≈ ǫpf(ǫp), where
f(ǫp) ≈ 0.7ǫp. This is illustrated in Fig. 12, where the
hatched area that corresponds to the value of I is approxi-
mated by the area below the δ-function centered at ǫp. We
note here that the sharpness of the peak at ǫ ≃ ǫp is not ev-
ident because of the logarithmic scale. If we compare Iappr
with the value I obtained after numerical integration of the
integral, we find that their ratio fcor = I/Iappr can be mod-
eled as
fcor ≃ 3.5 tanh
(
ǫp
ǫth
)
, (14)
for ǫp > ǫth. In what follows, we will incorporate this
‘correction’ factor into our analytical expression. Thus, the
fractional energy loss rate for protons with Lorentz factor
γp > ǫth/1.4Θ is given by
t−1pγ ≈ 5× 10
−3fcor
ℓγ
4π4tdΘ
, (15)
where we have used eq. (10) and td = rb/c. When normal-
ized with respect to td, we find
τ−1pγ ≈ 1.8× 10
−5fcor
ℓγ
Θ
, (16)
which, besides the correction factor, depends only on ℓγ and
Θ.
APPENDIX B: MAXIMUM PROTON ENERGY
The maximum energy of protons is typically calculated by
balancing the acceleration and energy loss rates. An inde-
pendent constraint comes from the so-called Hillas criterion
(Hillas 1984) according to which, the gyroradius of the most
energetic particles should not exceed the size of the emission
region. Here we compare the different upper limits on the
maximum proton energy.
In the simplest scenario protons are accelerated at a
rate which is inverse proportional to their energy, namely
t−1acc(γ) = κeBc/γmpc
2, where κ is an efficiency factor. For
simplicity, we assume κ = 1. As long as proton accelera-
tion takes place at small Thomson optical depths, the main
energy loss processes that act competitive to the acceler-
ation process are synchrotron radiation and photopion in-
teractions. Note that for larger optical depths pp-collisions
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Figure 12. Function f = −ǫ ln
(
1− e−ǫ/ǫ0
)
for ǫ0 = 104 (black
line) and the δ-function approximation (grey line). The hatched
area denotes I while the white colored area below the delta func-
tion corresponds to Iappr.
consist another important energy loss mechanism for pro-
tons as well as another neutrino production channel (e.g.
Murase 2008).
The synchrotron proton loss timescale is given by tsyn =
6πmpcχ
2/σTB
2γ, where χ = mp/me. By equating tacc and
tsyn and by using eq. (1) and rb ≈ cΓδt we find the saturation
Lorentz factor because of synchrotron losses
γsyn ≃ 9× 10
8 Γ
3/2
2 δt
1/2
−1 L
−1/4
j,52 ǫ
−1/4
B,−1. (17)
For the benchmark case of Γ = 225, δt ≈ 0.15 s, ǫB = 2.2 ×
10−3 and Lj = 3× 10
52 erg/s, we find γsyn ≃ 7× 10
9 > γH.
Even for B = 1.5×104 G (see §4.4.1) the relation γsyn > γH
holds.
For large values of the photon compactness, proton cool-
ing due to photopion production may overcome synchrotron
losses. The respective loss rate for protons having energies
above the threshold is constant and is given by eq. (5); for
the derivation, see Appendix A. Setting tacc = tpγ we find
the saturation Lorentz factor to be
γpγ ≃ 2× 10
9 Γ22δt−1ǫ
1/2
B,−1L
1/2
j,52L
−1
γ,52
Ebr,obs
0.5MeV
(1 + z), (18)
where we replaced the effective temperature Θ in eq. (5)
by the peak energy of the photon spectrum Ebr,obs. For the
benchmark parameter values we find γpγ ≈ 3 × 10
9(1 +
z)/Lγ,52 > γH.
Summarizing, for the present analysis it is safe to as-
sume that γmax = γH.
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